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In this work, we apply the smooth deformation concept in order to obtain a modification of
Friedmann equations. It is shown that the cosmic coincidence can be at least alleviated using the
dynamical properties of the extrinsic curvature. We investigate the transition from nucleosynthesis
to the coincidence era obtaining a very small variation of the ratio r = ρm
ρext
, that compares the matter
energy density to extrinsic energy density, compatible with the known behavior of the deceleration
parameter. We also show that the calculated “equivalence” redshift matches the transition redshift
from a deceleration to accelerated phase and the coincidence ceases to be. The dynamics on r is also
studied based on Hubble parameter observations as the latest Baryons Acoustic Oscillations/Cosmic
Microwave Background Radiation (BAO/CMBR) + SNIa.
I. INTRODUCTION
Modifications of gravity at very large scales have been
predominantly associated with the existence of extra di-
mensions, an idea that has been explored in various the-
ories beyond the standard model of particle physics. As
proposed in [1], these extra dimensions may also provide
a possible explanation for the huge difference between
the two fundamental energy scales in nature, namely, the
electroweak and Planck scales [MPl/mEW ∼ 1016]. Es-
sentially, if our four-dimensional space-time is embedded
in a higher dimensional space, then the gravitational field
can also propagate along the extra dimensions, while the
standard gauge interactions remain confined to the four-
dimensional spacetime. The impact of such program in
theoretical and observational cosmology has been sub-
stantial and discussed at length as, e.g., in Refs. [2–14]
with or without junction conditions. However, the ma-
jority of contributions on this theme are string (or brane)
inspired models, in which the brane-world is generated by
the motion of a three-dimensional brane in the bulk.
In a different approach, we have explored the physi-
cal applications and implications of using the concept of
smooth deformations of Nash’s theorem [15] where the
bulk geometry is defined by the Einstein-Hilbert prin-
ciple of smooth curvature and only gravity necessarily
propagates in the extra dimensions. In that respect, it
should be emphasized that the four-dimensionality of the
embedded space-time is regarded as a consequence of the
structure of the gauge field equations, which is applica-
ble to all embedded space-times (and not just to a fixed
boundary). Such extended notion of confinement is con-
sistent with the Einstein-Hilbert dynamics for the bulk
geometry, and also to the extrinsic curvature satisfying
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the Gupta equations [16, 17] for spin-2 fields in space-
time.
In what follows, we focus on the coincidence problem,
sometimes referred as the “new” cosmological constant
(CC) problem [18–22] which, in short, refers to the lack
of a proper explanation of the present-day contributions
of vacuum energy density Ω0Λ and the matter energy den-
sity Ω0m that are roughly the same order, i.e, Ω
0
m ∼ Ω0Λ
since CC is considered the main cause of the accelerated
expansion of the universe. Hence, as commonly stated,
it seems we are living is a very special phase to observe
it.
In this work, we study a process to at least alleviate
the cosmic coincidence through the introduction of the
dynamics of the extrinsic curvature kµν , interpreted as
an additional component to the gravitational field. Then,
CC is totally uncorrelated to this process and is not con-
sidered here. We also analyze the necessary conditions
of our model in order to do not jeopardize the nucle-
osynthesis from the standard cosmological model and the
compatibility with the declaration parameter in different
eras. Moreover, using a modified Friedmann equations
we look for an expression in order to relate the ratio
r = ρmρext to the Hubble parameter H, where ρm denotes
the total matter energy density (including cold dark mat-
ter contribution) and the ρext density denotes the extrin-
sic energy density, in order to get information of the dy-
namics on the ratio r. Finally, remarks are presented in
the conclusion section.
II. MODIFIED FRIEDMANN EQUATIONS
The traditional gravitational perturbation mechanisms
in cosmology are essentially plagued by coordinate
gauges, mostly inherited from the group of diffeomor-
phisms of general relativity. Fortunately there are some
very successful criteria to filter out the latter perturba-
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2tions [23–25], but they still depend on a choice of a per-
turbative model. A lesser known, but far more general
approach to gravitational perturbation can be derived
from a theorem due to John Nash, showing that any
Riemannian geometry can be generated by a continu-
ous sequence of local infinitesimal increments of a given
geometry [15, 26].
Nash’s theorem solves an old dilemma of Riemannian
geometry, namely that the Riemann tensor is not suffi-
cient to make a precise statement about the local shape
of a geometrical object or a manifold. The simplest ex-
ample is given by a 2-dimensional Riemannian manifold,
where the Riemann tensor has only one component R1212
which coincides with the Gaussian curvature. Thus, a
flat Riemannian 2-manifold defined by R1212 = 0 may be
interpreted as a plane, a cylinder or a even a helicoid,
in the sense of Euclidean geometry. Riemann regarded
his concept of curvature as defining an equivalent class
of manifolds instead of a specific one [27]. While such
equivalence of forms is mathematically interesting, it is
less than adequate to derive physical conclusions from
today’s sophisticated astronomical observations.
Using only differentiable (non-analytic) properties,
Nash showed that any other embedded Riemannian ge-
ometry can be generated by differentiable perturbations
with a perturbed metric g˜µν = gµν + δgµν , where
δgµν = −2kµνaδya , (1)
where δya is an infinitesimal displacement in one of the
extra dimension and kµν is the non-perturbed extrinsic
curvature [11, 17]. From this new metric, we obtain a
new extrinsic curvature kµν and the procedure can be
repeated indefinitely:
g˜µν = gµν + δy
a kµνa + δy
aδyb gρσkµρakνσb + · · · , (2)
and gives the possibility to generate new geometries by
smooth deformations.
In our description of the universe, we use the
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) line el-
ement in coordinates (r, θ, φ, t) which is given by
ds2 = −dt2 + a2
[
dr2 + f2κ(r)
(
dθ2 + sin2 θdϕ2
)]
, (3)
where the set of functions fκ(r) = sin r, r,sinh r corre-
sponds to spatial curvatures κ = (1, 0, -1), and the func-
tion a = a(t) is the expansion parameter. This geometry
can be regarded as a four-dimensional hypersurface dy-
namically evolving in a five-dimensional bulk space with
constant curvature. Since Nash’s smooth deformations
are applied to the embedding process and the FLRW ge-
ometry is completely embedded in five-dimensions [28–
30], the coordinate y, usually noticed in ridig embedded
models, e.g [2, 3], is omitted in Eq.(3). Concerning no-
tation, we use the same conventions as posed in [17].
The bulk geometry is actually defined by the Einstein-
Hilbert principle, which leads to the Einstein equations
RAB − 1
2
RGAB = α∗T ∗AB , (4)
where T ∗AB denotes the energy-momentum tensor of the
known sources. For the present application, capital Latin
indices run from 1 to 5. Small case Latin indices refer
to the only one extra dimension considered. All Greek
indices refer to the embedded space-time counting from
1 to 4.
The confinement of gauge fields and ordinary matter
are a standard assumption specially in what concerns
the brane-world program as a part of the solution of
the hierarchy problem of the fundamental interactions:
the four-dimensionality of space-time is a consequence of
the invariance of Maxwell’s equations under the Poincare´
group. Such condition was latter seen to be proper to all
gauge fields expressed in terms of differential forms and
their duals. However, in spite of many attempts, gravita-
tion, in the sense of Einstein, does not fit in such scheme.
Thus, while all known gauge fields are confined to the
four-dimensional submanifold, gravitation as defined in
the whole bulk space by the Einstein-Hilbert principle,
propagates in the bulk. The proposed solution of the hi-
erarchy problem says that gravitational energy scale is
somewhere within TeV scale.
The most general expression of this confinement is
that the confined components of TAB are proportional
to the energy-momentum tensor of general relativity:
α∗Tµν = −8piGTµν . On the other hand, since only grav-
ity propagates in the bulk we have Tµa = 0 and Tab = 0.
Since we are dealing with embedded space-times, we
need to write the induced field equations of the embed-
ded geometry which in fact they result from the geomet-
rical features of the bulk space by the integration of the
Gauss-Codazzi equations [11, 17]. To this end, we can
define a five-dimensional local embedding with an em-
bedding map Z : V4 → V5. We admit that Zµ is a
regular and differentiable map with V4 and V5 being the
embedded space-time and the bulk, respectively. The
components ZA = fA(x1, ..., x4) associate with each
point of V4 a point in V5 with coordinates ZA. These
coordinates are the components of the tangent vectors of
V4. Moreover, taking the tangent, vector and scalar com-
ponents of Eq.(4) defined in the Gaussian frame veilbein
{ZA,µ, ηA}, where ηA are the components of the normal
vectors of V4, one can obtain the following equations in
the embedded spacetime [11, 17]
Rµν − 1
2
Rgµν −Qµν = −8piGTµν , (5)
k ρµ; ρ − h,µ = 0 , (6)
where Tµν is the four-dimensional energy-momentum
tensor of the perfect fluid expressed in co-moving coor-
dinates as
Tµν = (p+ ρ)UµUν + p gµν , Uµ = δ
4
µ .
3The quantity Qµν is a geometrical term defined as
Qµν = g
ρσkµρkνσ − kµνh− 1
2
(
K2 − h2
)
gµν , (7)
where h = gµνkµν , h
2 = h.h and K2 = kµνkµν . It follows
that the quantity Qµν is conserved in the sense that
Qµν ;ν = 0 , (8)
where the symbol (; ) denotes the four-dimensional in-
duced covariant derivative.
The general solution for Eq.(6) using the FLRW metric
is
kij =
b
a2
gij , k44 =
−1
a˙
d
dt
b
a
in this case i, j = 1, 2, 3, where the bending function
b(t) = k11 is an arbitrary function of time, resulting from
the Codazzi homogeneous equations in Eq.(6).
From the calculations of Eq.(5) and Eq.(6), one can
obtain
k44 = − b
a2
(
B
H
− 1
)
g44, h =
b
a2
(
B
H
+ 2
)
, (9)
K2 =
b2
a4
(
B2
H2
− 2B
H
+ 4
)
, (10)
Qij =
b2
a4
(
2
B
H
− 1
)
gij , Q44 = −3b
2
a4
, (11)
Q = −(K2 − h2) = 6b
2
a4
B
H
. (12)
In the case of Eq.(11), consider i, j = 1, 2, 3. The usual
Hubble parameter in terms of the expansion scaling fac-
tor a(t) = a is denoted by H = a˙/a and the extrinsic
parameter B = b˙/b, where the dot holds for the ordinary
time derivative. It is important to point out that the
determination of the bending function b(t) comes from
the determination of dynamical equations for extrinsic
curvature. To this end, we used the “vacuum” Gupta
equations
Fµν = 0 , (13)
where, unlike the case of Einstein’s equations, we do not
have the equivalent to the Newtonian weak field limit
and we cannot tell about the nature of the source term
of Eq.(13) based on current experience and observations.
Accordingly, the “f-Ricci tensor” and the “f-Ricci scalar”,
defined with fµν are, respectively,
Fµν = fαλFναλµ and F = fµνFµν
and also the “f-Riemann tensor”
Fναλµ = ∂αΥµλν − ∂λΥµαν + ΥασµΥσλν −ΥλσµΥσαν
constructed from a “connection” associated with kµν . We
stress that the geometry of the embedded space-time has
been previously defined by gµν . Hence, we define the
tensors
fµν =
2
K
kµν , and f
µν =
2
K
kµν , (14)
so that fµρfρν = δ
µ
ν . In the sequence we construct the
“Levi-Civita connection” associated with fµν , based on
the analogy with the “metricity condition” fµν||ρ = 0,
where || denotes the covariant derivative with respect to
fµν (while keeping the usual (; ) notation for the covariant
derivative with respect to gµν). With this condition we
obtain the “f-connection”
Υµνσ =
1
2
(
∂µ fσν + ∂ν fσµ − ∂σ fµν
)
and
Υµν
λ = fλσ Υµνσ .
Replacing these results in Eq.(5), we obtain the Fried-
man equation modified by the extrinsic curvature as(
a˙
a
)2
+
κ
a2
=
4
3
piGρ+
b2
a4
, (15)
where the general expression for b(t) is given by
b(t) = α0a
β0e±
1
2γ(t) , (16)
where α0 = b0/a
β0
0 denoting a0 by the present value of
the expansion scaling factor and b0 is an integration con-
stant representing the present-day warp of the universe.
The γ-exponent in the exponential function is given by
γ(t) =
√
4η0a4 − 3 −
√
3 arctan
(√
3
3
√
4η0a4 − 3
)
. The
two signs represent two possible signatures of the evolu-
tion of the bending function b(t) in which we denote for
simplicity γ+ and γ− solutions. The β0 parameter affects
the magnitude of the deceleration parameter q and the
η0 parameter measures the width of the transition phase
zt from a decelerating to accelerating regime. These two
parameters were generated essentially from Eqs.(8) and
(13), respectively, as shown in [17].
Accordingly, using Eqs.(15) and (16) we can write
Friedmann equations in a form
H(z) = H0
√
Ω m(1 + z)3 + Ω ext(1 + z)4−2β0e±γ(z) ,
(17)
where H(z) is the Hubble parameter in terms of redshift
z and H0 is the current Hubble constant. The matter
density parameter is denoted by Ωm and the term Ωext
stands for the density parameter associated with the ex-
trinsic curvature.
III. ALLEVIATING THE COINCIDENCE
The coincidence problem basically results in the expla-
nation of the why matter density contribution ρm and
the vacuum contribution ρΛ are about the same order
4at present time. The alleviation occurs when the con-
tributions Ωm/ΩΛ < (1 + z)
3 [31, 32] and is used to
select cosmological models. Since we are not attribut-
ing any dynamical property to CC, we use the extrinsic
curvature to make the appropriate correction adding an
extra-information to this framework with its “extrinsic”
contribution Ωext. Moreover, using “fluid analogy” and
Eq.(15) we denote Ωext as
Ωext =
b2
a4
=
8piG
3
ρext ,
where ρ0ext denotes the current extrinsic energy density.
It is important to notice that matter energy density
and extrinsic energy density are conserved independently
in the sense that Tµν;ν = 0 and, according to Eq.(8),
Qµν;ν = 0. Thus, we can write the conservation equation
for matter as
ρ˙m + 3Hρm = 0 ,
where the dot symbol denotes the time derivative. More-
over, using Eq.(15), we denote
ρext = ρ
0
ext(1 + z)
4−2β0 ,
where ρ0ext is the current extrinsic energy density, one can
get the conservation equation for the extrinsic contribu-
tion as
ρ˙ext + (4− 2β0)Hρext = 0 .
At first, due to its dynamical characteristics, we re-
gard the extrinsic curvature as the main cause of the
current accelerated expansion rather than CC in accor-
dance with [17]. Since they are two different quantities,
the coincidence tends to vanish once the dynamics of ex-
trinsic curvature can be understood. To this end, we
define the ratio r = ρmρext and study its behavior seeking
a relation with r to the Hubble parameter as we do not
have an independent observational data of the ratio r. As
a starting point, we adopt the current value as r0 = 3/7
[33] as an input parameter. Bearing in mind that the
modified Friedmann equations as shown in Eq.(15) they
can be written in terms of energy density as
3H2 = κ2
(
ρm + ρext exp (±γ)
)
,
and one can obtain
r˙ = (1− 2β0)rH . (18)
Moreover, from the analysis of the critical point from the
direct derivation of Eq.(18), one can obtain(
r˙
r
)
c0 = (1− 2β0)2rH20 > 0 . (19)
As it happens, the minima points occur at β0 < 1/2,
which means that r is bounded from below.
In addition, Eq.(18) can be easily integrated and gives
the solution
r(z) = r0(1 + z)
(2β0−1) , (20)
in terms of redshift, where we have used the relation ddt =
−H(1 + z) ddz .
It is important to notice that the pair of parameters
(β0, η0) in Eq.(15) was already constrained in the model
presented in [34]. For instance, we adopt the values
β0 = 2, η0 = 0.001 and η0 = 0.25 that passed through
cosmokinetics tests. For accelerated expansion it was
shown that 2 ≤ β0 ≤ 3 [34]. Moreover, the solution
with β0 = 2 and η0 = 0.25 can lead to a recollapsing
universe with a total density parameter Ω > 1. Based on
the fact that Eq.(15) can provide different solutions with
the term γ, for the special case when ±γ(z) = 0, one
can obtain XCDM-like patterns as shown in [17] with a
correspondence
4− 2β0 = 3(1 + w) , (21)
where w is a dimensionless parameter of the X-fluid equa-
tion of state w = pρ [35] as a ratio between its pressure p
and density ρ. Moreover, we adopt the current value of
Hubble constant H0 as H0 = 67.8 ± 0.9 km.s−1.Mpc−1
based on the latest observations [36].
In Fig.(1), we have used Eq.(17) and present the evo-
lution of the Hubble parameter for the two models (γ(+),
γ(−)) with adopted values of (β0, η0). The graph also
shows that those solutions are very close to ΛCDM pre-
diction (solid line).
In order to do not jeopardize the nucleosynthesis, we
use |rnuc = r(z ∼ 109)| 6 10% [40, 41] that gives a
constraint β0 . 0.465. Moreover, from Eq.(17), we can
write the deceleration parameter conveniently written in
terms of the redshift z as
q(z) =
1
H(z)
dH(z)
dz
(1 + z)− 1 . (22)
Hence, we can write
q(z) =
3
2
[
Ω m(1 + z)
3 + γ∗Ω ext(1 + z)4−2β0e∓γ(z)
Ω m(1 + z)3 + Ω ext(1 + z)4−2β0e∓γ(z)
]
−1 ,
(23)
where γ∗ = 13
[
4− 2β0 ± 2
√
4η0
(1+z)4 − 3
]
.
Using the related value of β0 for nucleosynthesis era,
the baryon contribution Ωb := 0.022± 0.00023 and Cold
dark matter contribution 0.1197 ± 0.0022 with 68%C.L.
[36], we obtain the deceleration parameter q ∼ 0.535 with
the expected ratio r ∼ 0.1. Moreover, for β0 = 1/2 (that
corresponds to the matter dominated era with w = 0 in
accordance with Eq.(21) ) and η0 = 0.001, we obtain the
predicted value q = 1/2 expected for the matter domi-
nation and putting β0 = 1/2 in Eq.(20) it converges to
the value r0 = 3/7. Actually, the same value for the
deceleration parameter is obtained even considering the
highest value of η0 = 0.5. Moreover, taking Eq.(23) with
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FIG. 1. As an example, we show the Hubble parameter as a
function of redshift for two models [34]. The model I is defined
by the γ(+) and γ(−) solutions with the values for β0 = 2 and
η0 = 0.001, the curves coincide with the curve from ΛCDM
(solid line). Moreover, for the model II the curves are shown
with γ(+) (triangles) and γ(−) (circles) solutions for the values
β0 = 2 and η0 = 0.25. Error bar points were extracted from
[37] supplemented with additional data from [38, 39] at H(z =
2.3).
the previous values for β0 = 1/2 and q = 1/2 related to
matter-dominated era, we can obtain an estimative for
the magnitude of the “equivalence redshift” ze given by
ze = |
(
4
3
|η0|
)(1/4)
− 1| . (24)
In order to approximate the matter dominated era we
know that the variation of the η0 parameter has a con-
strained small value in the accelerated expansion where
was found that 0 ≤ η0 ≤ 0.5 that gives the range
1 ≥ ze ≥ 0.09. Interestingly, if we consider a tighter
range for the width of transition, i.e., 0.01 ≤ η0 ≤ 0.25,
we have 0.66 ≥ ze ≥ 0.24 which means that the beginning
of the “coincidence” happens in the end of the matter
dominated era, since the value of ze matches the tran-
sition redshift from a deceleration to accelerated phase,
as several different data sets indicate, e.g, zt = 0.56
+0.13
−0.10
as the latest Baryons Acoustic Oscillations/Cosmic Mi-
crowave Background (BAO/CMBR) + SNIa [42] with
MLCS2K2 light-curve fitter or using the SALT2 fitter
zt = 0.64
+0.13
−0.07. This leads us to the interesting conclusion
that the apparent “coincidence” began in the matter-
dominated era and the current “coincidence” observed is
far from being special.
It is important to point out that the apparent vari-
ation of the β0 parameter is from its inner relation to
the deceleration parameter q and any change of β0 is re-
lated to phase transitions in the universe. As previously
commented, the current accelerated expansion (at z = 0)
regime can be obtained with 2 ≤ β0 ≤ 3 and with the
expected q0 < 0. In short, based on the fact that we have
minima points such that β0 < 1/2, the β0 parameter can
be constrained as 0.465 ≤ β0 ≤ 3 from nucleosynthesis
until the present-day accelerated expansion regime.
In addition, we try to obtain more information on the
evolving r looking for a relation between Hubble param-
eter and the ratio r. At first, one can write the following
relation
r˙ = H˙
dr
dH
. (25)
Starting from calculating the first derivative of the Fried-
man equation in Eq.(15) in terms of densities ρm and
ρext, one can obtain
H˙ =
κ2
6
(
(2β0 − 4)ρext exp (±γ)− 3ρm ± ρextγ˙ exp (±γ)
H
)
.
After a long algebra, one can write
H˙ = −3
2
[
r + Θ exp (±γ)
r + exp (±γ)
]
H2 .
Interestingly, if we consider a particular case (i.e, to
mimic XCDM), one can set the term γ = 0 and the appro-
priate correspondence β0 =
1
2 (1− 3w), where w < −1/3.
So we have Θ = 1 + w. Hence,
H˙ = −3
2
[
1 + w + r
r + 1
]
H2 ,
which is the same equation obtained in [33].
Moreover, the relation in Eq.(25) can be readily inte-
grated and after a long algebra, one can write
H = H0
[
r + exp (±γ)
r0 + exp (±γ)
]− 32 1−Θ(1−2β0) ( r
r0
)− 32 (Θ)(1−2β0)
,
where the Hubble parameter H is a function of r. The
function Θ(r) is denoted by
Θ(r) =
1
3
(4− 2β0)± 2
√
4η0
(
r
r0
)4/(2β0−1)
− 3
 ,
with two signs Θ+ and Θ−. These two possibilities in-
duce to four possible behaviors of H(r) which we denote
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FIG. 2. The relation of Hubble parameter to ratio r raging from the input parameter r0 = 3/7 to r = 15.4 where is present
the solutions of the model, including a XCDM-like solutions for ±γ = 0. The thin line mimics the ΛCDM model with w = −1,
the thick dashed line mimics a quintessence model with w = −0.73. Phantom models with w = −1.2 are represented by the
thick dotted-dashed line. The dashed lines and thick lines are solutions for ±γ 6= 0.
H(r)+−, H(r)−+, H(r)++, H(r)−− as shown below.
H(r)+− = H0
[
r + exp (+γ)
r0 + exp (+γ)
]− 32 1−Θ−(1−2β0) ( r
r0
)− 32 (Θ−)(1−2β0)
H(r)−− = H0
[
r + exp (−γ)
r0 + exp (−γ)
]− 32 1−Θ−(1−2β0) ( r
r0
)− 32 (Θ−)(1−2β0)
H(r)++ = H0
[
r + exp (+γ)
r0 + exp (+γ)
]− 32 1−Θ+(1−2β0) ( r
r0
)− 32 (Θ+)(1−2β0)
H(r)−+ = H0
[
r + exp (−γ)
r0 + exp (−γ)
]− 32 1−Θ+(1−2β0) ( r
r0
)− 32 (Θ+)(1−2β0)
In Fig.(2) we present some results of different models
with an evolving Hubble parameter as the ratio r in-
creases (and the coincidence ceases to be). As a particu-
lar solution of our model, one can get the curves in fig.(2)
that mimics XCDM, as previously commented. The thin
line mimics the ΛCDM model with w = −1, the thick
dashed line mimics a quintessence model with w = −0.73.
Phantom models with w = −1.2 are represented by the
thick dotted-dashed line. In the left panel, the dashed
line and the thick line represent the functions H(r)++
and H(r)+−, respectively. In the right panel, the dashed
line and the thick line represent the functions H(r)−+
and H(r)−−, respectively.
We note that both left and right panels present a
general similar behavior. Starting with H(r)++ and
H(r)−+ one finds curves very close to a quintessence
model. Moreover, the H(r)+− and H(r)−− are close to
phantom. The solution H(r)+− presents a smooth de-
caying at r < 1 differently from H(r)−− that mimics a
more negative equation of state with w = −1.3 . It is
worth noting to say that the evolution of H(z) in terms
of redshift was shown in [34] and the values of parameters
(η0 = 0.25, β0 = 2) passed through cosmokinetics tests
confronted to observational data from [37] based on ob-
servations of red-enveloped galaxies [43] and BAO peaks
[44] being also supplemented with the observational data
on Hubble parameter (OHD) and BAO in Lyα [38, 39]
with H(z = 2.3) = (224 ± 8)km.s−1.Mpc−1. As it may
seem, the apparent coincidence is caused by the effect
of extrinsic curvature on the dynamics of the universe
mainly on the variation of the deceleration parameter.
IV. FINAL REMARKS
Until recently the problem of classes of equivalence of
manifolds defined by the same Riemann curvature, but
with different topological properties, was ignored in gen-
eral relativity because the Minkowski space-time, postu-
lated as the ground state of gravitational field, is uniquely
and well defined as a flat-plane manifold, characterized
by the existence of Poincare´ translations in all directions
in all of its points. However, recent astrophysical ex-
periments such as, e.g, WMAP, SDSS and Planck Mis-
sion, have shown that exists a small CC which explains
the accelerated expansion within the so called ΛCDM
paradigm. In this case, we no longer have the Minkowski
space-time as a solution of Einstein’s equations, so that
the ground state of the gravitational field, or equivalently
the Minkowski standard of Riemann curvature set by
Einstein is ambiguous: Either we have Minkowski with-
out CC or else we have de Sitter space-times with CC.
In order to solve that problem, the embedding between
geometries has been revealed to be an appropriate under-
lying mechanism to obtain a gravitational theory and a
possible way to get to a quantum-gravity theory [11–13]
in the future. The relevant detail in Nash’s theorem is
that it provides a mathematically sound and coordinate
7gauge free way to construct any Riemannian geometry,
and in particular any space-time structures by a con-
tinuous sequence of infinitesimal perturbations along the
extra dimensions of the bulk space generated by the ex-
trinsic curvature. Due to its perturbative characteristics,
Nash’s geometric smooth perturbative process can be an
important principle to cosmological applications.
We focused our present work on the “new” CC problem
commonly referred as coincidence problem on the values
of the contributions of matter and the vacuum and the
why they seem to have the same order. Motivated by the
former geometrical dilemma on Riemann’s geometry, we
studied the contribution of the extrinsic curvature as a
dynamical quantity and its influence to the coincidence
problem as we replace the CC contribution by the extrin-
sic one. It was shown that the coincidence problem can
be at least alleviated with the presence of the extrinsic
curvature. Interestingly, the β0 parameter revealed to be
very promising term since it is related to the magnitude
of the declaration parameter q and its small changes are
related to the transition phases of the universe. It helped
us to understand that the current coincidence ceases to be
since it began close to the end of the matter dominated
or even in the passage from the decelerated to acceler-
ated regime, where we found the “equivalence” redshift
around 0.66 ≥ ze ≥ 0.24 compatible with the transition
phase. Moreover, the parameter β0 could be highly con-
strained as 0.465 ≤ β0 ≤ 3 from nucleosynthesis until
the present-day accelerated expansion era showing how
the ratio r evolved to its present value r0 = 3/7. An ex-
plicit relation of the ratio of the densities r = ρmρext to the
Hubble parameter was obtained in order to understand
more the dynamics on the ratio r. This analysis can be
improved as the observational data of the ratio r can be
available in future observations.
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